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Summary of Transformations

Vertical Translation
g(x)=f(x)+k

k > 0, translate up

k < 0 translate down

Horizontal Translation
g(x) = f(x—k)

k > 0, translate right

k < O translate left

Reflection across x-axis
g(x) =—1(x)

y-values change sign

Reflection across y-axis
g(x) = f(-x)

x-values change sign

Vertical stretches
g(x)=k- f(x)

k > 1, expansion

0 <k <1 compression

Horizontal stretches

X
9(x) = f[ﬂ

k> 1, expansion

0 <k <1 compression



Standard Functions

You should be comfortable with sketching the following functions by hand:

f (xX) =sin(x) f (X) = cos(x) f (x) =tan(x)




Transformations on
Trigonometric Functions

A. B.,

The function f (x) =sin(x)
IS phase shifted (translated
horizontally) by 2.

Which graph shows this
translation?




Solution

Answer: A

Justification: Since sin(x) is periodic with period 2z, shifting the
sine curve by 2x left or right will not change the function.
sin(x) =sin(X—2x) =sin(X+ 2rx)

-2r - 0 T 27 27 - 0 T 27

f (X) =sin(x) g(x) =sin(x—2x)



Transformations on

Trigonometric Functions I

The function f (x) =cos(x) is phase shifted by k
units such that:

g(x) =cos(x—k) =sin(x) o7

A k=—
Which of the following is a possible value of k? ) 3
B =7
f (x) =cos(x) g(x) =sin(x) -
T T 1 T 1 BN C. k=—
2

D. k=-2

2




Solution

Answer: C

Justification: When translating right, the cosine graph must move %

units. When translating to the left, the cosine graph must move%” units.
2 I — T 1

This explains the following
trigonometric identities:

- T 37
sin(x) = cos(X — E) = COS(X + 7)

The values of k are therefore:

ORA | TRA k=" or k=_"F
Ll A 2 2
f (X) = COS(X) | mmmmmmmmmme on C o b
W\ cin . nly answer C gives a possible
909 £ | =—=——1 value for k

-2 -7 0 T 27




Transformations on

Trigonometric Functions Il

The function f (x) =sin(x) is phase shifted by k
units such that:

g(x) =sin(x—k) = cos(x) A k= 2r
3
Which of the following is a possible value of k? B k7
f (x) =sin(x) g(x) = cos(x) | 2
T ¢ 1 TT T ] T C. k= _3z
2
D. k=L
2
E k=_17
2




Solution

Answer: D

e _ _ _ 3
Justification: When translating right, the sine graph must move 7”
units. When translating to the left, the sine graph must move % units.
2 S — I

- b Neither of these values agree with
L2 O S O the answers. Factors of 2z can be
' - added or subtracted to these
translations to reach the same
outcome, since sine is periodic
with 2rx.

T oY/

K=——-27=—F-
2 2

sin(x—k) = cos(x)

-~ AN

f () =sin(x)
9(x) = cos()

-2 /]

sin(X + 57”) = C0S(X)



Transformations on

Trigonometric Functions IV

The graph 9(X) shows the 2 —— ——T—1
function f (x) =cos(x) after it A A
has been phase shifted. Which
of the following is true?

A. g(x)=cos(x+ 37”)

B. g(x)=cos(x+rx)

C. g(x)=cos(x —%)

D. g(x)=cos(x —37”)

E g(X):COS(X—%) Py N i



Solution

Answer: D

Justification: Find the first positive value where g(x) =1. This point
can be used to determine how much the cosine graph has been
2T T T translated. Since f (0) = cos(0) =1,

5 5 VI from the graph, we can see that
the point (0, 1) has moved (right)
to (37”,1).

The correct formula is therefore:
3
g(x) = cos(x —7)

G bl ----- ----------- """ """ 7 Note: If we instead shift left, an
: ) equivalent answer is:
X) ——
- 9% , L g(x)=cos(x+%)



Transformations on

Trigonometric Functions V

The graph g(x) shows the
function f(x) =tan(x) after it
has been reflected. Across
which axis has it been
reflected?

. X-axis only

. y-axis only

A
B
C. x-axis or y-axis
D. x-axis and y-axis
E

. Neither x-axis or y-axis




.

Answer:

Justification: Since f (x)=tan(x) Is an odd function, a reflection
across the x-axis and a reflection across the y-axis are the same.

Recall that for odd functions — f(x) = f(—X).

Reflection in 1
X Or y-axis




Solution Continued

Answer: C

Justification: If we reflect f (x) =tan(x) in both the x-axis and y-

axis, we would get the tangent function again. This is not the same
as the graph g(x).

g(x) f (x) =tan(x) = —tan(—x)
2T T T g | 2T
Reflection in I Reflectionin
X Or y-axis et x and y-axis

.

-2 -7 0 T 27 — 27



Transformations on

Trigonometric Functions VI

f (x) =sin(x) has been
displaced vertically such that

g(x) =sin(x) +1.
Which graph shows g(x) ?




Solution

Answer: B

Justification: The transformation g(x) =sin(x)+1 shifts the graph
vertically upwards by 1 unit. This eliminates answers C and D, which
both represent downward shifts. Since f (X) =sin(X) spans between
-1 and 1, we should expect g to span between 0 and 2.

—1<sin(x) <1
—1+1<sin(x)+1<1+1
0<sin(x)+1<2




Transformations on

Trigonometric Functions VI

The amplitude of a periodic
function is half the difference
between its maximum and
minimum values.

What is the amplitude of
f (X) =2cos(x) ?

8

mo o w>»

4
2
1
0




Solution

Answer: C

Justification: From the graph of g(x) =2cos(x), we can see the
maximum value Is 2 and the minimum value is -2.

_g'(x)':'co$' ' '

Half the difference between the
maximum and minimum Is:

A_M-M  where A=amplitude

, 2 , M = maximum
= _;_ ) m = minimum



Transformations on

Trigonometric Functions VIII

What is the amplitude of f(x)=a-cos(x), where a=0?

E. Cannot be determiend



Solution

Answer: D

Justification: The amplitude of f(x)=a-cos(X) is calculated as
shown:

2ol ——— T el E—— =T |
A M -—m
B 2 & 1
3 (a) ; ;
i -
=& L
=15 I L 1 o
= i 0 d 27 -2 -7 0 V4 2

The two graphs above show that the maximum and minimum values
of f(x)=a-cos(x) are|a and —|a| respectively. The amplitude
cannot be negative.



Transformations on

Trigonometric Functions IX

The function f (x) =cos(X) is 4 - T —
vertically expanded and displaced S L
so that g(x) = p-cos(x)+q. If

—-6<9(x) <2,

what are the values of p and g~

A.

Mmoo m
T T T T ©
Il
®© oo © ~ N~
O
Il
I



Solution

Answer: A

Justification: We are given that —6 < g(Xx) <2, so its maximum
value is 2 and its minimum is -6. We can calculate the amplitude:
_M-m_2-(6) _
===
Vertical displacement does not change the shape of the graph,
therefore it does not impact amplitude.

A 4

We can determine that 4cos(x) spans between -4 and 4 using what
we learned from the previous question. In order to change the max
value from 4 to 2 (or the min from -4 to -6), we must shift the
function down by 2 units:

—4<4c0s(x)<4 g(x) =4-cos(x)—2
Translate 2 units down —6 <4cos(x)—-2<2 p=4, q=-2



Transformations on

Trigonometric Functions X

(1
What is the period of the function g(X) =sm(§ Xj ?

Press for hint -

OO w>»
N

m
N[N N




Solution

Answer: D

Justification: The function g(x)

shows the graph sin(x) after it
has been horizontally
compressed by a factor of 0.5.

We should expect the period of
g(x) to be compressed by the
same factor. Since the period of
sin(x) is 2z, the period of
sin(0.5x) is «.

2

1 périod | 1 périod

I ) |

T 27



Transformations on

Trigonometric Functions XI

What is the period of the function g(Xx) =a-tan(bx—c)+d, a =0?

A. 2br
br

O O W

The period of the tangent function f (X) = tan(x)

IS 7T.
Press for hint -




Solution

Answer: E

Justification: Recall that horizontal stretches by a factor of k
results in substituting x with % .

Since g(x)=a-tan(bx—c)+d has been horizontally stretched by a
factor of % and the period of tan(x) is x, the period of g is %

Notice that the vertical stretch by the factor of a does not affect the
period of the function. The vertical displacement by d units and
phase shift by ¢ units do not change the shape of a function, so
they also do not affect the period of the function. The period of the
sine, cosine, and tangent functions are only dependant on the
horizontal stretch, b.



Transformations on

Trigonometric Functions XiIl

The graph of g(x) =sin(bx) is
shown to the right. What is
the value of b?

2 ! !

Pay attention to the values on
the x-axis.

A. b=2r
B. b=r
C. b=2

D. b=

2
T
1 . .
E. bzg _2 I I




Solution

Answer: A

Justification: The period of the function shown in the graph is 1.
The period of g(x)=sin(bx) is %% . (Review the solution to the
previous question, except using sin(x) rather than tan(x).

We can solve for b to find by solving:

27 _q
b
b=2r

The graph has been horizontally
compressed by a factor of %7[.

g(X) =sin(22x)




Transformations on

Trigonometric Functions XIl|

The function g(x)=a-tan(0.5x) 8 ! !
is shown to the right. Whatisthe (| . . . | ... ./ -
approximate value of a?
N, VY| NS . WO - - - y
B 6<a<8 7| UV N YO W I - . - N
C. 4<a<b6 0
D. 2<a<4 25 Lo foscsm s |ooabrmss e e J
E. O<a<?2
S0 O SO 1 o S WO . S T J
!r@r@&ﬁm{ hint tan % R g(x):atan(OSX)“
e X = p where -8 i 7'[ i i 7'Z i
g(p)=a a-tan % -a 7 ) 0 P 4




Solution

Answer: C 8 =T 1 | T
.

Justification: Recall that tan(4j=1 i i :g(x):: 5.:tan(0.5x)

A tangent function that has been L R S I A
horizontally expanded by 2 will equal >3] IR SO SO I ' AL IS
one at % , rather than 7/, . A '
(x)=a-tan 5) Let x=2 X 5 ’—
TEEG) b T
7 1z IR P £ S . W W SO TN
g(zjzaian Ezjza 4 SR N
%1/_/ 6 - f(x) = tan(0.5x) """ 1
; TV T T N R S
) _an ° T .
From the graph, g 5 a=5 . —r g 0 z g
2 2

Points whose y-values are 1 before being vertically stretched reveal the
expansion or compression factor.



