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Reciprocal Functions




Reciprocal Functions

This question set deals with functions in the form:

1 3
g(x)=m=(f(x>)

Given the function f(x), we will analyze the shape of the graph of g(X).

Notice the difference between the reciprocal of a function, and the
Inverse of a function:

Reciprocal: Inverse:
g(x)=(f(x)" g(x)=f7(x)
(a,b) > (a %) (a,b) = (b, a)

The reciprocal and the inverse of a function are not the same.




Reciprocal Functions |

Consider the value of % (the reciprocal of p) , where p>0.

Which of the following correctly describes the approximate value of %
for varying values of p?

p is very large p is very small
(for example, p = 1000) (for example, p =0.0001)
1 1
A. — is large — is large
P p
B 1 . 1 .
- B is close to O B is large
C 1 1
- D IS large D Is close to O
D 1 . 1 .
- 5 IS close to O — iscloseto 0
E izoo 1:0
' p p



Solution

Answer: B

Justification: Fractions with large denominators are smaller than
fractions with small denominators (for equal positive numerators).

Consider when p = 1000. Its reciprocal is a very small positive

number: 1 1
~=——_=0.001
p 1000

As p becomes larger, its reciprocal becomes smaller.

Now consider when p = 0.001. Its reciprocal is a number much

greaterthan1: 1 _ 1 _ 1 _ ..
p 0001 1

1000
As p becomes smaller, its reciprocal becomes larger.




Reciprocal Functions Il

Consider the function g(x)=(f (x))™ .

When 0< f(x) <1, what are the possible values for g(x)?

A. g(x)>0

B. g(x)>1

C. O0<g(x)<1 Exponent laws:

D. g(X)<O L1 —(f -1

= o001 a2t g(x) =( 1(><))
Q(X)Zm

Press for hint -



Solution

Answer: B
e . 1
Justification: Try choosing a value for f(x), such as f(x)=§.
. } 1 1
In this case, g(x)=(f(X)) ' =—— ===
g(x) =(f(x) "1
2

Since g(Xx) =2, which is greater than 1, we can rule out C, D, and E.

We must check if it is possible for g(x) to be between 0 and 1 in
order to choose between answers A and B.

Notice that Q(X)=%(X) is only between 0 and 1 when the numerator
Is smaller than the denominator. This is not possible, because the
denominator (0< f(x)<1) is never greater than 1.

Therefore, g(X)>1 when 0< f(x) <1.



Reciprocal Functions Il

Consider a function f(x) and its reciprocal function g(x)=(f(x))".
Suppose thatat x=p, f(p)=g(p). What are all the possible
values for f(p)?

f(p)=1
f(p)=0
f(p)=-1
f(p)=+1
f(p)=0,+1

mo oWy



Solution

Answer: D

Justifica}ion: This question asks to find the values of f(p) where

t(p) :m. We must find a value that is equal to its reciprocal.

We can get the answer directly by solving the above equation for f(p):

f(p):% = (f(pf=1 = f(p)=+1  Notice: 1:%, —1:_il

If we tried to plug in f(p)=0, we get g(p)=% which is undefined.
Conclusion: Points where f(x) =21 are also points on the reciprocal

of f. Points where f(x)=0form vertical asymptotes on the reciprocal
function.



Reciprocal Functions IV

1
Let g(X) —m .
Which of the following correctly describes g(x) when f(x)>0 and

when f(x)<0?

f (x)>0 f(x) <0
A. g(x) <0 g(x) <0
B. g(x) <0 g(x)>0
C. 9(x) >0 9(x) <0
D. g(x)>0 g(x)>0
E. 0<g(x)<1 ~1<g(x)<0



Solution

Answer: C

Justification: When f(x)>0, }/f(x) must also be greater than
zero. The numerator is positive, and the denominator is positive. A
positive number divided by a positive number is positive.

When f(x) <0, }/f (x) must also be less than zero. The numerator
IS positive but the denominator is negative. A positive number
divided by a negative number is negative.

Conclusion: If f(X) is above the x-axis, 9(X) is also above the x-
axis. When f(x) Is below the x-axis, g(x) Is also below the x-axis.



Reciprocal Functions V

If the point (a,b), where b =0, lies on the graph of f, what point

lies on the graph of g(X) = ?
graph of g(x) ™
A. (a,b)
B. (b,a)
C. a,lj
b
D. l,bj
a
11 Notice that this question has the restriction
E. (—,—j that b # 0. What would happen to the point
a b on the reciprocal function if b = 0?



Solution

Answer: C
Justification: The reciprocal function g(x):(f(x))_l takes the
reciprocal of the y-value for each pointin f. Consider when x = a:

1
g(@)=—— when x=a (a, f(a))=(a,h)

f(a)
g(a) =% since f(a)=b (a,g9(a))= (a’%j

Notice that x-values are not changed. The point (a,b) transforms
into the point (a%j

Do not get confused with the inverse of a function g(x) = f ~(X),
which interchanges x and y-values. In general:

()= (F(x)*



.

o (f9)”
f(x)<-1 1< (f(x) " <
f(x)=-1 (F(0)"=-1

~1< f(x) <0 (f(x)" <
f(x)=0 vertical asymptote

0< f(x)<1 (f(x)" >1
f(x)=1 (f(x)" =1
f(x)>1 0<(f(x)" <1



Strategy for Graphing |

. . . . . 1
Consider the function f(x)=x+1 and its reciprocal function g(x) :—1.
X +

The following example outlines the steps to graph J:

1. ldentify the points where f(x)=1 or f(x)=-1. These points exist
on the reciprocal function. (See question 3)

T T T T T T T ST T T T T
R e e
I e
2o
90 0 ( 01) ___________ -
0 — — i
L N o o e R -
2 (2-D | o 1
- I e s g (X)=—“
/| TEEEE S SR A S - e X+1_

S0 I T O 8 I O T T O

5 4 -3 2 4 0 1L E 8§ 4 5 5 -4 3 2 1. @ 1. 2 8 9 5



Strategy for Graphing Il

2. ldentify the points where f(x)=0. Draw a dotted vertical line
through these points to show the locations of the vertical
asymptotes. (Recall taking the reciprocal of O gives an undefined

value.)
X =
SN I  — I R —
"EERENN EEEN
ISR ]
I T REEN
g s
: Nk
R .-
WY I Y N
€% WU R S S S R I S —
_ NEREREE 900 = |
5 I I l I I I I .5 [ ] ‘ [ [

5 4 -3 2 4 0 1 2 3 4 5§ 9 =4 3 2 =1 @ 1 2 8 % B



Strategy for Graphing Il

Consider when 0< f(x) <1. Draw a curve from the top of the
asymptote line to the point where g(x)=1. When -1< f(x) <0,
draw the curve from the bottom of the asymptote to g(x) =-1.

5
4
3
2
1
0
1
2
3

-4
-5

D 4 -3 2 4 0 1 Z 3§ 4 5

O A O N B O+ N W &~ O

X=-1

| | | | |

| The 're(':iprocal of

----- small values become

25 4«3 2 <1 B L 2 3 4 5



Strategy for Graphing IV

Consider where f(x)>1. From the point f(x)=1, draw a curve
that approaches the x-axis from above. When f(X) <1, the curve
approaches the x-axis from below.

ST T T T T T/ ST T T 1 T T T ]
Ao f(X)=x+1 S E 4L The reciprocal of
H S S S St B 1 e i 3l large values become
3 B T e e i e . 2 small values.
e e e e S e g 1 [Poslssepais el
o ———4 : e
Lpotd gl et o 1 =
y U S S S . S ST, T [ s —
I . - e ot | IR N B A ) . .
: g(X)=—"
1 s taals iaa e S M T e y s AR AR St NS Mt I g() """ X+1"
5 i i i i i i i | 5 i i [ | [ [

D 4 -3 2 4 0 1 Z 3§ 4 5 5 4 =3 2 1 0 1L 2 3 4 8



Strategy for Graphing V

The final graph of g(x) =$ IS shown below.

5

4

3

2

1

0

=1

-2

= _—5-'4-|3—2—10I1I2I3I45
4 f(x)=x+1
5 9(x) = ——

54 8 -1 0 L 2 8 4 5 x+1
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A.
The graph of T is shown Lo
below. What is the correct 1O
graph of its reciprocal -
function, g? Lo

" i ] I I I ]
4 -3 -2 -1 0 1 2 3 4

C'4!!!!!!D'4

= I I I I I i
4 -3 -2 -1 0 1 2 3 4

i i i i i i
4 =3 2 =1 0 1 2 3 %4



Solution

Answer: D

Justification: Since f (1) =1, its reciprocal must also pass through
the point (1,1). This eliminates answers B and C.

Additionally, f is positive for x<24 and
negative for x> 2.

This must also be true for the reciprocal
function, so answer A must be eliminated
because it is always positive. The only
remaining answer is D.

What other features can be used to
identify the reciprocal function? What can
we say about points (1,1) and (}/,—1)?




Reciprocal Functions VII

The graph of f is shown
below. What is the correct

graph of its reciprocal
function, g ?

5

I T T cr
a i i b 4t
i f G Se———
6 J S ) R e et - 2 =4 3 =2 =1, 0 & 2 53 4 S5

2l f 1 ST T T I — D. 5
1 : b it eamtntdanay R — A b ebmsencomassombsts | B .......... 4
0 3o i 3
E : TN s S i G e e e i 2
Y T e - A O 0 1
1) -, - T S S — - T - 0 0
A s e e s 1
_3 B : ..................... ‘ .............. 7] _2... ...................................................... _2
o ..................... --------------- - B [ el mmabremmirares v ReceNpmmbemeaitse e
5 I l i I l i I l e e e 4
8 =4 J <2 44 @ 1 b Lo

G Hh O N = O = N W A G»




Solution

Answer: A

Justification: When x<-2, f(x)=1. The reciprocal function also
has this horizontal line since the reciprocal of 1 is still 1. This
eliminates answers B and D.

S . T T

4 poiin g Sinee f(0) = 0, g(x) must have an
3p |4 asymptote at x = 0. This only leaves
2 [P pusp g sl enpen  function A.

) S L - oS S - e

0 1, X E _2

. SOOI as

P 2

=3

4 11 X £ _2

) _{,

5 g(x) !__, > —2
3 4 =3 2 =1 O 1 2 3 49 5 X



Reciprocal Functions VI

A.

The graph of f is shown
below. What is the correct
graph of its reciprocal
function, g?

=, 3 | EN - | | S S —|
TRA2-1 012348 54-3-2-10123 4S5

D.

N = O = N W A WL

'
W

G IEES

5 A F P =1 0 1T 2 3 4 5 TS4 3210 128 %5 "5 4324012345



Solution

Answer: C

Justlflcatlon Consider the point (0, 2) on f. This point will
apmegal) as g on . Only function C passes through this point.

5

4 What other features can be used to

3 identify the reciprocal function?

2

) + 2 <0
X X

0 — — ! -

r () {—x+2, x>0

_2 p 1

3 > x<0

4 g =1 *7F

8- x>0

o4 8 A E 1L 8 8 % 5 \—x + 2’



Reciprocal Functions IX

A.
The graph of f is shown
below. What is the correct
graph of its reciprocal
function, g ?
4 :
;
2
1 C.
p
B
G s i
-4 L bt ] . I 1 i
4 3 2 -1 0 1 2 3 4 4 3 2 1 0 1 2 3 4 i



Solution

Answer: A

Justification: The reciprocal function must be positive when the
original function is positive, and negative when the original function
IS negative. This eliminates answers B and D.

The reciprocal function must have
asymptotes at x==+2 because the
original function has zeroes at these

values of x. Only graph A satisfies
both of these conditions.

f(x)=0.5x"-2
1
0.5x* -2

g(x) =




Reciprocal Functions X

What is the graph of the B 5
reciprocal function ISUNE DO SN W A O

L

(Fe9) T ox+1

T l | D.4

& P I i i i i i
4 -3 -2 -1 0 1 2 3 4 4 -3 -2 -1 0 1 2 3 4



Solution

Answer: D

Justification: Find where the original function f(x)=-2x+1
crosses the lines y=+1,0:

—1=-2x+1 0=-2x+1 1=-2x+1
x=1 1 Xx=0
X==
2
(f(x))" passesthrough | (f(x))* hasan (f(x))* passes through
the point (1, -1). asymptote at x = 0.5. the point (O, 1).

Only graph D satisfies these 3 conditions.

This question can also be solved by first graphing f(Xx) =-2x+1,
then determining the reciprocal graph.



The graph shown to the
right is in the form:

(f()" =

What are the values of m

and b?
A. m=-1 b=-1
B. m=-2, b=-1
C. m=-05 b=-1
D. m=2, b=1
E. m=05 b=1

Reciprocal Functions XI

1
mx+Db




Solution

Answer: C

Justification: The function f isin
the form f (x) =mx+b. We need to
find a pair of points that lie on f to
determine its equation. One good
choice is (-4, 1) and (0, -1), since
these points lie on both f and f1.
Another choice for a point is (-2, 0),
since there is an asymptote at x = -2.

Using any of the 3 points mentioned

above, find the slope of the line:
(-1)-1
m= =
0-(-4)
The y-intercept is at (0, -1), so
b=-1

green lines belong to

. both f and its reciprocal
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A.
What is the graph of the s 1 17

cotangent function? I

. 1

f(x)" = = i

()" = cot(x) tan(x) N

> T T T T 1T 1 j-

bl f00=tan0){ o
c] A SN . ST s S R .
7 5 A AEEEES SSSSS[EROS W [ RO (S 1 C.,
1 ............................... o 41
0 i L
JPY I T . : Al
DY N & T - Y ‘o
3 o - L
B bt P b g st . 3
-5 18 | — :4_'




Solution

Answer: B

5 T T
Justification: The points that lie o s """"""""" i
on both the tangent and cotangent < 0 A A B A L e e .
function are (z 1) and 7/ .-1). 3 [ et = i
. T i s it frasend U SR SVORON. P =
The tangent function also has ) ;
asymptotes at x="/,+kz, where k
IS an integer. At these values of x, T B Y 1
the cotangent function must return 2 [ TNk 1
0. The cotangent function has o BN N 4/ N ) T y
asymptotes at x = k. i S o R S 7
_5 ] | | | | |
f (X) — tan(x) -7 —-057x 0 0.57 T
(f(x)" =cot(x) =

tan(x)



